The luminosity measurement at the projected International Linear e + e − Collider ILC is planned to be performed with forward Bhabha scattering with an accuracy of the order of 10 −4 . A theoretical prediction of the differential cross-section has to include one-loop weak corrections, with leading higher order terms, and the complete two-loop QED corrections. Here, we present the weak part and the virtual one-loop photonic corrections. For the photonic corrections, the expansions in ǫ = (4 − d)/2 are derived with inclusion of the terms of order ǫ in order to match the two-loop accuracy. For the photonic box master integral in d dimensions we compare several different methods of evaluation.
Introduction
Bhabha scattering e − (p 1 ) + e + (p 4 ) → e − (−p 2 ) + e + (−p 3 ) (1.1) was one of the first processes calculated in quantum theory [1] . The complete virtual electroweak one-loop corrections have been first calculated in [2] , later also in [3] [4] [5] [6] [7] [8] [9] [10] [11] . By now, Bhabha scattering may also be calculated with automated tools for the evaluation of Feynman diagrams and cross-sections as e.g. Feynarts [12, 13] , grace [14] and aITALC [15] . The electroweak corrections have to be considered together with hard bremsstrahlung corrections, which usually are calculated by Monte Carlo programs; see [16] [17] [18] [19] [20] and references therein. Dedicated studies for experimentation at LEP may be found in [21, 22] and references therein. The preparation of the e + e − linear collider project ILC (formerly also TESLA [23] , and corresponding projects of other regions) triggered again some interest in both wide angle and small angle Bhabha scattering. The latter might allow to determine the luminosity with an unprecedented accuracy of 10 −4 . For this, one needs theoretical predictions beyond one-loop accuracy in the extreme forward scattering region where the cross-section peaks due to the kinematical singularity of the photon propagators, while the pure weak corrections might be sufficient in one-loop approximation (with leading higher order terms a la [7] ). If a so-called Giga-Z option will be realized, high Bhabha event rates are to be expected in the Z resonance region also for larger scattering angles.
We write the matrix element squared where M (i) is the contribution to the i-loop order and the subscripts γ and γγ indicate the emission of one or two photons.
The QED contributions dominate by far and two-loop corrections are also needed. Several projects to determine them in a systematic way are underway (see [24] [25] [26] [27] [28] [29] and references therein). A program with two-loop accuracy has to include also the complete one-loop matrix elements squared, often regulated by an expansion in ǫ = (d − 4)/2, with a careful treatment of the resulting finite terms in ǫ.
1 For this, one may express the Feynman diagrams by scalar master integrals, which then have to be known up to some positive order in ǫ. Thus, one has to go beyond the usual technical demands of a pure one-loop calculation.
In this article, we give a concise description of our approach to the one-loop contributions for a two-loop calculation of massive Bhabha scattering. Introductory, we present in Section 2 electroweak predictions which were obtained for the ILC study [23, 32, 33] . The expressions for the pure QED corrections up to order ǫ in terms of a few scalar master integrals are derived in Section 3. Here we retain the exact dependences on the electron mass. The scalar master integrals are discussed in Section 4. For the box master integral we compare several, quite different expressions, which are derived with the aid of a difference equation, a system of differential equations, and the Mellin-Barnes technique, respectively. We close with a short Summary.
Electroweak one-loop corrections
One-loop corrections are the virtual part of the O(α 3 ) terms in (1.2). The calculation of electroweak corrections to Bhabha scattering with the automated tool aITALC has been described on several occasions [15, [32] [33] [34] [35] . aITALC [15] uses the packages DIANA v.2.35/QGRAF 2 [36, 37] for the creation of the one-loop matrix elements, FORM 3.1 [38] for their expressions in terms of scalar s, and LoopTools 2.1/FF [39, 40] for the numerical evaluation, including also soft bremsstrahlung. In one respect we had to go beyond LoopTools 2.1: In order to evaluate cross-sections in the neighbourhood of the Z resonance peak, one has to use Breit-Wigner propagators in the s-channel, replacing m
, if used with (γ, Z) in the s-channel, has been modified as in [41] :
The diagram is shown in Figure 2 .1. We use the LoopTools conventions s = (
with the following definitions for the x variables
2) The photon mass is λ in LoopTools. The use of this scalar box function is not only necessary in order to regulate the γZ box contribution, but also for a proper compensation of the corresponding soft photon infra-red divergencies which are proportional to the Born cross-section with a Breit-Wigner Z propagator. The implementation is done in the file fortran/src/d0wdd0.F of the aITALC package.
In Tables 2.1 and 2. 2 we provide numerical sample outputs at typical energies for several scattering angles. The input quantities as well as the treatment of soft photons are exactly the same as in [42] . The cross-section peak in the forward direction, due to the photon exchange in the t-channel. In this kinematic region, the pure photonic corrections will be dominating and we have to treat them with higher accuracy than the rest of the electroweak corrections. For the oneloop corrections, this means a determination of |M (1) | 2 as part of the O(α 4 ) terms in (1.2). Here one needs the QED one-loop functions including terms of order ǫ because their interference with other terms of order 1/ǫ contributes to the finite cross-section. This will be the main concern of the rest of this article. Table 2 .2: Differential cross-sections in pbarn for Bhabha scattering at √ s = 500. Born contribution, the O(α) correction, and also a QED prediction are shown; the maximum soft-photon energy is √ s/10.
The massive QED cross-section in d dimensions
The ten diagrams of Fig. (3.1) are the one-loop contributions in pure QED. We decompose the full one-loop matrix element as follows:
The notation is short-hand for the s and t channel matrix elements:
Crossing the diagrams from the s-channel to the t-channel results in the exchange of s and t and in an overall sign change due to Fermi statistics; see Equation (3.3 yields e.g.:
with
and
With the same formula (3.4), the Born cross-section, arising from |M (0) | 2 , is obtained with:
The contributions from |M (1) | 2 to the cross-section are rather lengthy and not shown here explicitely; they will be provided on the webpage [43] . There we give also the expressions for the corresponding interferences in d dimensions.
Before determining the form factors F k (s, t), we discuss now the various contributions. As mentioned we may restrict ourselves to the s-channel diagrams D1, D3, D6, D8, D9:
The self-energy contributes to F 1 only:
In a theory with several fermion flavors (with different masses m f ), one has to sum this term over all flavors. The vertices contribute to F 1 and F 5 :
The two form factors for M 5 in (3.1) are also equal but contribute to different structures there. The situation for the box diagrams is a little more involved: 14) and the c b will be given in (3.33). As mentioned only six of the nine form factors are independent. For the direct box diagram D8 we find the following relations:
There are further relations between the form factors F D8 j from the direct box D8 and the F D9 j of the crossed box D9:
(3.16)
Inverting relations (3.16), diagram D9 is obtained from D8 by exchanging t and u. As mentioned, the t-channel box D7 may be obtained from D8 by simply exchanging t and s (and an overall sign). Subsequently, diagram D10 results from D7 by inverting again (3.16) and exchanging now s and u. As a consistency check, one can additionally obtain D10 from D9 by s, t crossing. The inversion of the first six relations of (3.16) yields
(3.17)
In a next step, one gets in combination with (3.15):
We see that the relations for F 7 in terms of amplitudes F 1 to F 6 are different for diagrams D8 and D9.
What remains now is to determine one form factor for the self-energy, two form factors of the vertex, and six form factors for one of the four box diagrams. This will be done in two steps. First, we collect the form factor contributions from the Feynman diagrams D1 to D10, and in a second step we have to add up additional contributions F a,r j arising from counter term insertions into the one-loop diagrams. The latter are formally of higher order, but it is reasonable to discuss them here. So, effectively, (3.10) has to be replaced by
Additionally, charge renormalization δe/e will give an overall factor, and there are also contributions
from wave function renormalization. Both will be discussed in Section 3.2.
The form factors
We will use the abbreviations for the five master integrals, used here and in the following for the s-channel contributions:
together with the function
The latter may be expressed by A 0 and B t , see (A.8) . This function contains the infra-red singularities and we decided to keep it explicitely as it is also done in LoopTools. Further we introduce
In terms of (3.20) -(3.26) the results for the amplitudes are given in the following. They may also be obtained in FORM format from [43] . The explicit expressions for the master integrals are discussed in Section 4. The form factors from self-energies and vertices are:
30)
For the box diagrams: 33) and the six independent box form factors for that are:
37)
where we have further introduced
40)
(3.44)
The small mass limit is easily obtained by putting z = 0, x = y = 1.
Counter term contributions
In this section we focus on the contributions originating from renormalization: the charge counter term, the mass counter term and the wave function renormalization are given in arbitrary dimension. Not only their 1/ǫ and constant terms are needed in order to render the amplitudes from the diagrams in Fig. (3.1) finite, but also O(ǫ) terms combine with divergent parts of the unrenormalized amplitudes to give additional finite contributions. Similarly, of course, in two-loop order the O(ǫ) contributions of the diagrams combine with the 1/ǫ terms of the counter terms to give finite contributions. First we consider the charge counter term. Each diagram of Figure ( 3.1) has at its vertices a factor e, the electric charge. Renormalization in two-loops requires e to be replaced by e(1+δe/e, with the charge counter term
While the introduction of the charge counter term results only in an overall factor, the introduction of the mass counter term is more complicated. Every internal electron propagator in Fig. 3 .1 has to be replaced by:
the electron mass counter-term. This means that additional amplitudes F Dk,r j are obtained from the one-loop diagrams Dk: All fermion propagators are replaced according to (3.46) , but the higher powers of δm/m are dropped. The contributions from the first powers of δm/m lead to 'dotted propagators' with squared numerators. The second recursion relation given in (A.7) reduces the resulting Feynman integrals with dotted lines to master integrals.
Since the mass renormalization conterterm δm/m contains a 1/ǫ pole, the one-loop master integrals A 0 and B 0 etc., resulting from the diagrams, are needed to order O(ǫ) in order to ensure that all finite terms are taken into account properly. The relations between the nine amplitudes of a given dotted diagram fulfil similar relations as those for the undotted diagrams. The only differences are the following:
All other relations remain unchanged. Now we present the contributions to the amplitudes for the dotted diagrams:
For the box diagrams: 55) and the six independent dotted box form factors for that are:
Finally we investigate wave function renormalization for the electron self-energy:
The wave function renormalization is given by: 63) and the 'undotted' one then reads
The first part in (3.64) contains the UV divergence and the second the infrared divergence. Explicitely (3.65) reads
The UV divergent part of the wave function renormalization cancels the UV divergence of the vertex, and a remaining IR-singularity will be compensated by soft photon radiation. It is worth mentioning that due to (3.66) we can also write
We now discuss the dotted diagrams. They are UV finite and the divergent contributions to the 'dotted' δZ come only from the IR divergence. Therefore we write the wave function renormalization from the dotted self-energy δZ r in terms of DB 0 (or C 0 , respectively):
The resulting form factors are:
The true one-loop form factors contribute to the interference with Born (as shown here explicitely) as well as to the squared one-loop correction (not shown explicitely), while the dotted form factors contribute only to the former.
The master integrals
The five master integrals of massive Bhabha scattering are shown in Figure 4 .1. We collect here expressions for them valid in d dimensions, but also the necessary ǫ-expansions.
T1l1m SE2l2m SE2l0m
V3l1m B4l2m 
One-point function
The simplest master integral is the tadpole:
with the abbreviation
Often, shorthand notations with m = 1 are used, and our tadpole formula then agrees with T1l1m as it is given in the Mathematica file MastersBhabha.m located at [44] :
Two-point functions
The two-point functions are
There are two of them, B 0 (0, 0; p 2 ) (coming from the reduction of box diagrams) and B 0 (m, m; p 2 ). In d dimensions, they have been determined in [45] and in [46] , correspondingly:
The ǫ-expansion for B 0 (0, 0; p 2 ) is trivial,
2 We omit here and in the following the conventional scale factor (4πµ 2 ) ǫ ; the scale factor would make the arguments of logarithms dimensionless. and the one for B 0 (m, m; p 2 ) may be determined by using a relation for contiguous hypergeometric functions
and then expanding the transformed hypergeometric function [46] [47] [48] [49] . 3 The result is:
The ǫ-expansions may also be determined by the method of differential equations [50, 51] and are then naturally expressed in terms of Harmonic Polylogarithms [44, 52] . With m = 1 we have [44] :
B 0 (m, m; p 2 ) = SE2l2m(x) (4.14)
With the Mathematica file HPL4.m., also located at [44] , the corresponding expressions in terms of polylogarithms may be derived from (4.13) and (4.14).
Three-point functions
There are two three-point functions,
.
is not a master integral. The UV-divergences of A 0 and B 0 in (A.8) cancel, and the factor 1/(d − 4) represents the IR-divergence of this vertex function. 4 Due to the additional factor of 1/ǫ, we need A 0 and B 0 up to O(ǫ 2 ) for a C 0 of order ǫ. As discussed above, a separate control of IR divergences is often quite helpful in applications; therefore the explicit use of C 0 (m, 0, m; m 2 , m 2 , s) is recommended and we reproduce it here for completeness (see also Equation 39 of [46] ):
2 ) in d dimensions is finite for small ǫ; it has been derived in [54] :
The loop functions A 0 and C 0 used here deviate by an overall sign from conventions of e.g. [39, 53] .
(4.17)
Concerning the expansion with respect to ǫ, the two coefficients of the 2 F 1 -functions depend on L m and ln(−p 2 ), respectively. By eliminating L m according to
we obtain
In terms of HPLs, the function reads for m = 1 [44] : 
Four-point function
In LoopTools notation [39] , the four-point master integral in d dimensions with two photons in the s-channel is :
We first give the ǫ-expansion obtained from a representation based on generalized hypergeometric functions; see Subsection 4.4.1. Here we collect and complement results presented in [54] and [55] . Given the general result for the box diagram in d dimensions, the coefficients of the ǫ-expansion are naturally obtained in terms of one-dimensional integrals. Alternatively we consider in Subsection 4.4.2 the method of differential equations, which also yields the coefficients in terms of one-dimensional integrals. These can, however, systematically be presented in the form of generalized harmonic polylogarithms, which makes this form quite attractive if one prefers 'analytic' results. Finally, in Subsection 4.4.3 we add a representation in terms of a two-fold Mellin-Barnes integral, which appears to be quite elegant and has the advantage that the integrand is free of singularities even in the physical domain.
Hypergeometric functions
A closed expression for the box function valid in d dimensions is known from [54] . In this case a first order difference equation with respect to the dimension d was solved. 5 Other difference equations use as parameter the powers of the propagators , see e.g. [56] [57] [58] . The general result of [54] reads:
; −;
The two photons are in the s-channel. Naturally the cuts of the diagram are different for the t-channel case, which means that the hypergeometric functions are to be evaluated in different domains of analyticity. In (4.22), e.g., the imaginary part of the diagram comes only from the coefficient (−s) (d−4)/2 of F 1 . The Appell hypergeometric functions in terms of their integral representations are:
24) 25) and the Kampé de Fériet function is: ; −;
See [59] for (4.24), [55] for (4.26) , and (4.25) is obtained from the double integral representation of the F 2 -function [60] ). With these representations we can derive the neeeded ǫ expansion. Due to
) in the prefactors of (4.22), their ǫ-expansion has to be done up to order ǫ 2 . This can be performed by expanding the integrands. The numerical evaluation of the one-dimensional integrals of the ǫ-terms works quite nicely in general. Nevertheless partial analytic results can also be obtained, see e.g. (4.27) and (4.66) . Based on [55] we also give an expansion of the integrals for the limit of small masses, i.e. −t ≫ 4m 2 (neglecting terms of O(m 2 ) and O(m 2 ln(m 2 ) ). For the F 1 -function the ǫ-expansion is easy except for the analytic integration following the expansion. In [54] the analytic integration has been performed for an F 1 -function in which one of the arguments is O(ǫ) and in [55] the corresponding transformation to obtain such a form has been described in detail. For the real part of F 1 we thus have: 27) with
Abbreviating (4.27) as (b ∼ 1)
we obtain from (4.27) in the limit of small masses with r = −t/s, 0 ≤ r ≤ 1:
(4.33)
For the F 2 -and Kampé de Fériet functions the same hypergeometric function 2 F 1 needs to be expanded:
For the F 2 -function we have to use 36) and correspondingly for the Kampé de Fériet function 37) and further in the integral (4.25) 38) and in the integral (4.26)
It appears natural to introduce v as integration variable. But a more precise numerical integration results from an elimination of the singularity at t = 1 in (4.25) by the transformation 1 − t = u 2 . We then have in the considered order for (4.25):
For the following we write
where F 0 2 is obained as 44) and the higher orders must be calculated from (4.40) numerically. In the limit of small electron mass they are: ; −;
with v = v 0 u 2 and
As above for the F 2 , we formally write for the Kampé de Fériet function:
where K 0 is obtained as
Again, investigating the small mass approximation, we have
Finally we see that the expansion in ǫ of the F 2 -and Kampé de Fériet functions becomes easy with the representations (4.40) and (4.46). To sum up our results, we have
As we see, in the limit of small electron mass the 1/ǫ-terms of the F 2 -and Kampé de Fériet functions cancel. It is a very appealing fact to have the closed form of the box function as an analytical expression in d dimensions. So far, however, only partial analytic results were obtained for the terms of order ǫ , but as we observe already from (4.27), the results become quite lengthy if one prefers to present them in this form. Beyond that simple expressions in the small mass limit were obtained.
Harmonic polylogarithms
An alternative approach in terms of solving a differential equation for the box [61] yields in a natural manner harmonic polylogarithms. For the purpose of checking (in particular also numerically) and comparing, we repeated the calculation of [61] and shortly sketch the procedure.
To be explicit, we consider the Bhabha box diagram with two photons in the t-channel, as in [61] , and the electron mass being set to 1; the analytical continuation to the s-channel is evident here. One may derive the differential operator 52) which applied to the one-loop box yields a differential equation:
where
54)
The subdiagrams T1l1m, SE2l2m, SE2l0m, V3l1m are given in the preceding sections. Expanding now the differential equation (4.53) in ǫ and introducing the ansatz Box = const B4l2m(x, y)
we may iteratively solve a system of differential equations which differ only in the inhomogeneous terms: The functions G are generalized harmonic polylogarithms [61, 62] . For the calculation of B 1 we used the relations There is a difference in the coefficient of the term H(0, x)ζ 2 w.r.t. [61] due to different choices of normalization, see also (4.60).
In order to check the results, we evaluated both representations of B 1 numerically (for the photons in the s-channel). For s = 10 6 , cos θ = 0.4, m = 1, agreement to nine decimals was achieved: This yields the imaginary part of the above number. The numerical calculations were performed with Mathematica and Maple, respectively.
Mellin-Barnes representation
Finally, we derive a Mellin-Barnes representation for the QED box integral, again with two photons in the s-channel. The Mellin-Barnes representation reads for finite ǫ:
Box(t, s) = e A derivation may be found e.g. in [63] . Starting from this Mellin-Barnes integral, one has to perform an analytic continuation in ǫ from a domain where the integral is regular into the vicinity of the origin. The singularity structure near ǫ ∼ 0 is obtained by means of the Mathematica package MB [64] . We obtain the result in terms of the following one-and two-dimensional integrals: 
